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GEOMETRICAL PROPERTIES OF THE
MULTIDIMENSIONAL NONLINEAR DIFFERENTIAL
EQUATIONS AND THE FINSLER METRICS OF PHASE
SPACES OF DYNAMICAL SYSTEMS

The multidimensional nonlinear differential equations arising from special conditions
on curvature tensor of 3- and 4-dimensional manifolds are considered. The examples of
the Finsler metrics, associated with nonlinear dynamical systems are constructed.

1. INTRODUCTION

In the first part of this article we describe some nonlinear differential equations arising
as conditions on the curvature tensor of 3— and 4-dimensional manifolds in the following
form:

(1) Rijki = Mgik 9j1 — 9i1 9jk) s

(2) Rik = R{'lk = 0,

3) R=g"(I,; — T m +TR T, —TL TP =0,
4) Rix i = [Ty, Rix] ,

where R{: e = I‘f.' Lk~ I‘{ kit T k]{ is the Riemannian tensor of the space with connection
I';x and metric g;;, 3R is the scalar curvature of the 3—dimensional space.
In the second part we discuss some questions of the Cartan theory for equations:

(5) v' = f(z,9,9),

geometrical properties of the space of the linear elements (z,y,y’) and will construct ex-
amples of the Finsler metrics for the second order differential equation equivalent to the
Lorentz system

(6) t=k(z-y), y=rz—-y—zzx, z=zy-bz.

2. AROUND CONDITION R;jri = A(gik 951 — 9i1 9jk)
Let us consider this condition for the metric of 3-dimensional space:

) ds® = A%(z,y,z)dz® + B(z,y, 2)dy? + C*(z,y, z)dz? .
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Then one obtains the system of equations:

(8) Asy = (Cy/C)A; +(B:/B)Ay, (B:/C):+(Cy/B)y + B:Cz/A* = ABC,
le‘ = (CZ/C)BZ + (AZ/A)B:L' ) (Cz/A)z + (Az/C)z + AyCy/32 = /\AC,
Cry = (Ay/A)Cz + (Bz/B)Cy, (Ay/B)y + (Bz/A)s + A, B,/C* = AAB.

In the case A = 0 we have the metric with zero curvature and the system determines a class
of triple orthogonal coordinate system in Euclidean 3-dimensional space. Using matrix
representation of the condition R};; = 0 one obtains:

(92, = T1,y +[T1,T2] =0, T3, -T3y+[3,T2]=0, I3:—T1,.+[,I3]=0,

where I‘j- « are Christoffel symbols of the metric (7). We can writethesystem (11) ascondition
of compatibility of the following linear system of equations with spectral parameter g:

(¢°8/9; +90/0z + 8/8y)® = —(¢°T3 + qT'1 + T2)@,
(¢20/8, + ¢0/0z + 8/93,)® = —(¢°T2 + ¢qT'1 + I'3)®,

It is known (see [1]) that this representation cannot be used for the integration of the
Lame system. We can consider the system

(10) Azy = (Cy/C)A; +(B:/B)Ay,
B,z = (C;/C)B; + (A;/A)B;,
Czy = (Ay/A)Cz + (Bz/B)Cy,

as independent subsystem of system (8). Of course this subsystem has no original geomet-
rical meaning of the system (8). Nevertheless it has its own geometrical meaning in terms
of the following construction. This subsystem can be considered as compatibility condition
of the linear system of equations

(11) Psy = (Ay/A)®z + (B:/B)®y,
&, = (Az/A)Qz + (Cx/C)Qz )
®.y = (B:/B)®y +(Cy/C)2;.

Choosing five solutions ®*(z,y,2), i — 0, ...,4, of the system (11) one can construct
a 3—dimensional manifold F(®*/®°, ®3/®°, ®%/®% &! /®°) = 0 in 4-dimensional projec-
tive space RP*. In this hyperspace there exist 2-dimensional surfaces which intersect on
the thrice conjugate lines. This follows from the projective generalization of the Dupin
theorem of classical differential geometry on a family of curvature lines. The systems (10)
and (11) were studied earlier [1] as examples of the Zakharov — Manakov [2] multidimensional
integrable equations. The system (10) can be represented in the operator form:

[LI; L2] = (Bzz - A:vz)Ll + (Azy - Ca:y)LZ + (B:z::: - a:a:)L3 )
(L1, L] = (Azy — Bay)L1 + (Ayy — Cyy)L2 + (Bzy — Coy)Ls,
[L2, LS] = (Azz - Bzz)Ll + (Azy - Czy)L2 + (sz - B:r:z)LS )
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where the operators L; have the form:
Ly = Dzy — (Ay/A)Dz — (Bz/B)Dy

Ly = Dy, — (A,/A)D, — (Cz/C)D,,
L3 = Dyz - (BZ/B)DV - (Cy/C)Dy :

We can construct solution of the systems (10), (11) using representation:

— [\» n-1 z y z
(12) (I’—[/\ + a1 +...+an_1A+an]exp[/\+__.,\_1+,\+1]’

where a; = a;(z,y, 2), A is a parameter. So, for n = 0 after substitution of ® in (12) one
obtains the system for S = 1/ag:

(13) Sey =Sy =Sz, Ssz=Ss—Ss, Siy=25,/2—5:/2.
Thus we have:

” Ao e*=Y B ea:+z/2 Co e—:t—y/2

( ) - S ) - S ) - S

n = 1. In this case we have the system of equations for a(z, y, 2) = a;(z, y, 2):

agy = (ay + agay)/a+ (az + ayaz)/(a+1)+ay — ag,
az; = (a; + aza;)/a+ (az + aga;)/(a—1)+az —a,,
ay; = (a; +aya;)/(a+ 1)+ (ay +aya;)/(a—1)+ay/2—a,/2.

This system is equivalent to the following system of linear equations:

Syz = —(k/2)S + (k — 1/2)S, + (1/2)S. ,
Sey=—=8, Szz=(2k—1)S+kS; — 25, ,

where a = S, /(S — Sy), and k is a parameter. We can receive the solutions of initial
equations (10), based on the solutions of the system (13). So we have:

(15) A=ae*V, B=(a+1)e"t*/2 C=(a—1)e""¥/2,

More general classes of solutions are obtained in [3]. A natural 4-dimensional generalization
of the system (10) may be obtained in the analogous way for the metric:

(16) ds? = ®%dt? + A%dz? + B2dy? + C%dz?.

Then the condition (1) for i = k leads to equations, which are compatibility conditions of
the following system:

@2y = (Ay/A)®z + (B2 /B)®y, Ps: = (A:/A)2: +(C/C)2:,

@,y = (B./B)®y + (Cy/C)®;, ®y: = (B:/B)®, + (Dy/D)®;,
q’tz = (Dz/D)Qt + (Cg/C)Q;, Q,y = (BZ/B)‘I’y + (Cy/C)@; .
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These equations give 4-dimensional generalization of equation (10) at A = 0.Using rep-
resentation of the type (12) we can obtain the solution of this system. In the simplest
case:

T Y z
1 ®= t M4+ — 4+ ——
and ® = a(z,y,2,t), A = a(z,y,2,t)e*"Y, B = a(z,y,zt)est+/2 C =
a(z,y, z,t)ey/ 2-2-t where function a(z,y, z,t) is determined by means of solutions of
a corresponding linear system of equations. :

3. EINSTEIN EQUATION FOR THE STATIONARY GRAVITATIONAL
FIELDS

Let us consider the condition R}, = Rx = 0 for the metric:
(18) ds? = ®%(z,y, z)dt* — A*(z,y, z)dz? — B%(z,y,2)dy® — C*(z,y,2)d2?.
Then one obtains the system of equations:
(19) Pzy = (Ay/A)®z + (Bz/B)®y — [Cay — (Ay/A)C: — (Bz/B)Cy]‘I’/Cr
Dz; = (A:/A)®z + (Cz/C)®; — [B;z — (Cz/C)B, — (A, /A)B;]®/B,
@,y = (B:/B)®y +(Cy/C)®; — [Azy — (Cy/C)A; — (B:/B)Ay|®/A,
Oz = AP /A— AAy®, /B — AA,®,/C? + A’F1 O,

®,, = B,®,/B— BB,%,/A’> - BB,%,/C* + B’E,%,
®,,=C,9,/C—-CC,®,/A? —CCy®,/B* + C*E;®,

where

Ey = [(B:/C); + (Cy/B)y + B;C5/A%/(BC),
E; =[(Cs/A)s +(4:/C); + AyCy/B*|/(AC),
E3 = [(Ay/B)y + (Bz/A)z + A, B./C?)/(AB),

which must obey the main conditién:
(20) Ei1+E;+E3=0.

Thus the solution of this system of equations determines all types of the stationary gravi-
tational fields.

4. EISENHART SPACES AND THEIR APPLICATIONS

Now we consider the class of metrics (7) with condition3R = 0. Dueto (3)for components
of metric tensor this condition is equivalent to the equation (20). This relation takes
remarkable form under ansatz:

(21) A=B=¢5Cv2) Cc=35,,
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After this substitution in the relation (20) one obtains the equation
(22) [Saz + Syyls + [Szo + Syy]S: +35:¢*° =0,
which after integration in z can be written as

(23) Sez + Syy = A(z,y)e™5 — €25,

with arbitrary function A(z,y). Choosing here A =1 one obtains the equation which is
very well known in the theory of the Inverse scattering transform method. We can use this
method for integration of the equation (23). Let us consider any solution of (23) depending
on some parameters bx. Choosing variable z to be one of these parameters we get solution
of equation (22): (Szz + Syy)s, + Sty (Secx + Syy) + 3Ss, €25 = 0. Other integrable cases
corresponds to the condition A(z,y) = 0, when (23) is reduced to the Liouville equation.

Condition 3R = 0 has remarkable applications in theory of gravitational waves [4]. In
fact, splitting of the full system of Einstein equations in two parts leads to the following
conditions on initial data:

(24) R+ (SpK)*—Sp(K?)=0, (Ki-0iSpK):=0,
where KJ’: are some functions constructed from the components of metric tensor
(25) ds? = 3 dz'dz® + 2N;dtdz’ + (N; N7 — N?)dt?.

The case 3R = 0 (when K J‘ = 0) correspondence to the configurations of gravitational
waves symmetric in time. Notice, that we can generalize this approach on the initial data
in gravitational theory using the integrable system:

(26) St = €% —cosh[3Qle™5, Q¢ = sinh[3Q]e~5,
which coincides with (23) for @ = 0. N-parametric solutions of this system can be used

for mvestlgatlon the full system (24).

5. YANG-MILLS CONDITIONS ON CURVATURE

Let I‘k be the connection coefficients of a manifold. Yang-Mills condition on curvature

tensor has the form (4), where R’ e = I“ Lk~ I‘, kit I‘k]{ is the Riemannian tensor of
curvature.
It can be shown that matrixes R;; obeying conditions

(27) Ri2+ R30 =0, R3az+Ro1=0, Riz=Rp2=0

resolve the Yang-Mills equation on curvature. These conditions give us nonlinear system
of equations on I'; which is special reduction of the full system:

1y — T2z + [I'1,T2] + T3¢ — Lo, + [['3,T0] = 0,

3y — 2z +[['3,T2] 4+ Tog — T1¢ + [To,T1] =0,
Toy —Tat +[T0,T'2) =0, Ty, — T3, +[1,T3]=0.
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Notice that this reduction of the Yang-Mills equation differs from the well known self-dual
one. We can represent this system as condition of compatibility of the following linear
system of equations:

A, + A8 + @, = (A3 + ATy + I1)®,
M@, — A®, + @, = (A\’Ty — ATy + I'3)®.

Using standard technique of the Inverse Scattering Transform Method one can construct
solutions of these equations. In the simplest case o = M,;, Ty = =M,,, 1 =T3 =0
one obtains the matrix system

(28) M. + Mzzy + [Mzz; Mzz] = 0, M, : +Myze = 0»

which can be examined in the elementary way.

6. GEOMETRICAL THEORY OF THE SECOND ORDER EQUATIONS

Cartan theory [5] of the second order differential equations (5) is based on the following
system of differential 1-form determining in the space of linear elements (z,y,y’) some
projective connection. These forms have components:

w!'=dz, wl=dy-ydz, wi=dy - f(z,y,9)dz,
wi —wf = fyrdz, w; —wg = —fyry(dy — ¥ dz)/2,
w3 = fyryry (dy — y'dz) /6,
wi = fydz + fy'y'wf/2 +[2fyy /3 - (1/6)d/dz(fyry]w?,
w3 = [fyy' /3~ (1/8)d/dz(fyry:)ldz — d(fyryr) /6 + mw?
where 6m = fyyiyr — fyi fyryryr — (d/dz) fyiyryr, and d/dz = 8/0z +y'3/dy+ fO/0y'. The

curvature tensor of the connection has the components:
(29) Rl =aw’Avw?, RI=buw'Aw?, R)=huw'Aw?+kw?Auw?,

where 6a = —fylyfyly!, 6k = —Gmy: - f-ylyifylylyl, h = byl and 6b = —fxzylyl -
2 foyy'y — ylszy'v' =2 ffyyyy = 2 fayryry ‘.fzfy'y'y'y' = (fo + V) fyyy +
4foyy + 4 fyyy + BF +V fy ) fyyry + fy Foyryr + 48y fyy +3fy fyry — 6 fyy. Using the
connection and curvature Cartan constructed invariants of equation under transformations
z = U(z,y), y = V(z, y) (this problem was solved earlier by T. Tresse without geometrical
interpretation). More earlier Liouville [6] has constructed some series of invariants for the
simplest form-invariant equations:

(30) Y +a1(z,9)y"° + ax(z, 9y +as(z,v)y +as(z,) = 0.
In this case one obtains the connection in 2-dimensional space (z, y):

2 .
M1 = 2(a3 — a204) + a3z —agy, a2 = 2(a3 — @103) + @15 — azy

M2 = 3 = (a2a3 — ara4) + a2, — azy,
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and the components of curvature tensor:

(31) Ly = II13; — M11y + 2a3ll13 — a4llz2 — aollyy,
Ly = 22; — M2y + 2a21112 — a3llz2 —a11lh; .

Using L1, L, and a;(z, y) it is possible to obtain the series of invariants:

(32) Nit2 = LiNiy — LoNig +iNi(Lyg — L1,),  i>5,
Ns = La(L1Lagz — LaL1g) + L1(LaL1y — L1Lay) —
—a1 L3 + 3a2 L3 Ly + ag L3 — 3a3L2 L, .

In the theory of the second order equations some invariants has geometrical sense. The
fundamental role of invariant N5 for equation (30) was found in [5].

Theorem 1. The space of projective connection, determined by the equation (30)
under condition N5 = 0 can be immersed as developable surface in the projective space
RP3, and in space RP* if N5 # 0 [7].

According to this theorem all equations of the type (30) can be divided in two classes,
and theory of surfaces in projective spaces can be used in investigation of these equations. -
We can use the theory of invariants for the studying of some nonlinear dynamical system.
For example, the Lorentz system of equations (6) is equivalent to the one second order -
differential equation

(33) v = ()?%3/y+ (1/z — my)y’ + (nz® - Iz)y* + (nz? + t)y® — sy?/z,
where
(34) m=(b+k+1)/k, n=1/k% t=>bk+1)/k? s=(k+1)/k, 1=0b(r—1)/k%

In this case we have a; = 0, a2 = —1/y, 3az = (my — 1/z), ay = (lz — nz3)y* —
(nz? + t)y® + sy?/z, and the components of curvature tensor (31):

(35) Ly = 3(lz — nz3)y? — 2m?y/3 + (2m/3 —s)/z, Ly =m/y.
According to (32) we have the expression for semiinvariant:

Ns = mn(10m — 65 — m?)z? + m(4m?/9 + 2ms/3 — 25?)/zy* +
+m(2m*/9 4 6ls — 4ml — m?t).

Due to the theorem one obtains the following result. Invariant Nj is identically equal to
zero only in two cases: 1) s = —1/5,b = —16/5,r = =7/5;2) s = 1/3,b = 2/3, r is
arbitrary. Thus for these choices of parameters equation (33) determines two—dimensional
surface of projective connection immersed in RP3-space. Other values of parameters lead
to the surfaces in the space RP*.

Note. In RP3 some surfaces are associated with integrable nonlinear differential equa-
tions. For example the system of equations

(36) O,y = a(z,y)®z + b(z,y)®, Pzo =Py + 2qa(z,y)P,
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where q is a parameter, and for which integrable condition of compatibility has the form
(37) 3qzayy - 6‘1(02)xz + gz =0

determines some developable surface F(®!/®°,®2/®° &' /®°) = 0 in RP3-space. Here

®'(z, y) are the solutions of the linear system for some a(, y). The examples of the surfaces

in RP* can be constructed by means of the solutions of the linear system cf equations (11).
In the theory of the second order differential equations (5) relation

(38) F(z,y,a,b) =0

presenting the general integral of the equation is of great importance. By its means dual
equation is introduced:

(39) b = p(a,b,b").

Proposition 1. For the equations of the form (30) dual equations are determined by
the condition (c = b') :

Paacc + 2C‘Pabcc + 2‘P‘Paccc + 62‘Pbbcc + 2C<P‘Pbccc + (Pzﬂocccc + (‘Pa + C‘Pb)‘Pccc -
_4<Pabc - 4C‘Pbbc - 3‘:"‘Pbcc — CPcPbcc — PcPace + 4‘Pc‘)0bc - 3‘Pb‘Pcc + 6‘Pbb =0.

This equation has solutions of the form [8]:
(40) o =c*Ulac*"Y], ¢=c"Ub*?, ¢=c"Ulack?,bck?].

In the case ¢ = a~%A(ca¥~1) one obtains (z = ca*~?):
[A+ (k- 1)z]2ATY + 3(k — 2)[A + (k — 1)z] AT +
+(2 - k)ATAMT 4 (k? — 5k +6)ATT = 0.

Solution of this equation is given by
(41) A= (2= B)a(l+ %) +(1+ 222 + (1 - k)z,

where k is a parameter. For k = 1 we have equation ab” = b'(1 + b'%) + (1 + 5'%)3/2, which
is dual to the equation 2zy"’ = —y/ 3 _ ¢/ The solutions of dual equation determines the
structure of the splitting of the phase space in trajectories and is associated with its Finsler
properties in the every domain.

Other way of introducing of the Finsler metric in theory of the ordinary differential
equationsis connected with their Lagrangian form. For thesecond order equation (5) we have
the condition for Lagrangian ds = A(z,y,y')dz: Y Ayyr + Agy + f(2, 4, ¥ )Ayryr — Ay = 0,
which can be written in the form ¢/ Sy + Sz + f(z,y,¥')Sy + fyr = 0, where S = log Ay:y:.

Proposition 2. The condition

N 1 0 0 P
S" s’ 1 0 P’
(42) det| S 28" & 1 P" |=0,
SI 1% 3 Sm 3s" s’ P
SV 4SIV 65/// 4511 PIV
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where P = —y'Sy — Sz, S' = Sy,...,P' = Py, ... determines all invariant Finsler
metrics for equations (30).

The following result for the equations (33), (34) is obtained: Lorentz equation can
be considered as the equation of geodesic lines in a space with the Finsler metric ds =
[a(z, y)¥' +b(x, y)]*/"dzinthecase k = n/(4—n),b = 8(n—1)/(4—n),r = (3n—4)/(4—n);
and ds = [a(z,y)y + b(z,y)] ™ (¥')"*! in the case k = 1/(4n + 1), b = 8/(4n + 1),
r=(16n+5)/(4n + 1) or k = 1/(2n+ 1), b = 2/(2n + 1), r is arbitrary. Here a(z,y),
b(z, y) are some functions. In the work [9] it was shown that this class of metrics corresponds
to the Berwald spaces. Notice, that appearance of the Finsler properties in the theory of
the second order equations is based on the projective connection in the space (z,y, y').

There exist a remarkable correspondence of invariant N5, Painlevé property and the
Finsler metrics for equation (33). It is known that Painlevé property (or complete integra-
bility) is fulfilled for the following choices of parameters: 1) s = 0,2) s = 1/2,b=0,r = 0,
3)s=1,b=2,r=1/9,4) s =1/3,b =0, r is arbitrary. Comparing these conditions
with the conditions of existence of Finsler metric for the equation (33) we discover that
some of them coincide. For example, we have the following relations for parameters: A = 0
(i.e. 352 +8bs+2s=(b+1)?),B=0(.e s=2—1and4s+b+4=10),C =0 (i.e.
r=1+[(b+ s+ 1)%(b— 2s — 2)/18bs]). From the last condition we have: s = 1,b = 2,
r = 1/9,i.e. the case 3 above.
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B.C. Ipoma
TEOMETPUYECKMUE CBOMCTBA MHOI'OMEPHBIX
HEJIMHEMHBIX N &SEPEHIVAJBLHBIX YPABHEHUMN U
®NHCJIIEPOBCKHME METPUKU $#A30BBIX IIPOCTPAHCTB
JAHAMNYECKNX CUCTEM

PaccMorpenn MuoroMepHHe HexuHeHHEe i hepeHIMabHEe ypaBHEHAS, BO3HAKAIOUEE K3 CTelH-
ErdecKHX yCIOBHH Ha TEH30p KPHBH3HH TPEX- M JeTHPeXMepHEIX MHoroobpasmi. IlocTpoens mpuMepyt
¢HEHCIEPOBCKAX METPHK, CBA3aHHHX C HEJEHERHKMHA IMHAMAYeCKHMA CACTEMAMH.



