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GEOMETRICAL PROPERTIES OF THE 
MULTIDIMENSIONAL NONLINEAR DIFFERENTIAL 

EQUATIONS AND THE FINSLER METRICS OF PHASE 
SPACES OF DYNAMICAL SYSTEMS 

The multidimensional nonlinear differential equations arising from special conditions 
on curvature tensor of 3- and 4-dimensional manifolds are considered. The examples of 
the Finsler metrics, associated with nonlinear dynamical systems are constructed. 

1. INTRODUCTION 

In the first part of this article we describe some nonlinear differential equations arising 
as conditions on the curvature tensor of 3 - and 4-dimensional manifolds in the following 
form: 

(1) Rijkl = Kdik 9jl - 9il 9jk), 
(2) Rik = R\lk = 0, 

(3) 3R = g'ipSnj - П?,т + rj? rjm - i i ,n?) = о, 
(4) Rikii = [TiiRik]i 

where R\lk = TJ
ilk - TJ

lki + [Г,-, Г*]] is the Riemannian tensor of the space with connection 
Г*,k and metric gij, 3R is the scalar curvature of the 3-dimensional space. 

In the second part we discuss some questions of the Cartan theory for equations: 

(5) y" = f(x,y,y'), 

geometrical properties of the space of the linear elements (x, y, yf) and will construct ex­
amples of the Finsler metrics for the second order differential equation equivalent to the 
Lorentz system 
(6) x = k(x - у), у = rx -y - zx , z = xy-bz . 

2. A R O U N D CONDITION Rijkl = X(gik 9jl - 9il 9jk) 

Let us consider this condition for the metric of 3-dimensional space: 

(7) dS
2=A2(x,y,z)dx2 + B2(x,y,z)dy2+C2(x,y,z)dz2. 
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Then one obtains the system of equations: 

(8) Azy = (Cy/C)AZ + (Bz/B)Ay , (B2/C)z + (Cy/B)y + BXCX/A2 = XBC , 
Bzx = (CX/C)BZ + (AZ/A)BX , {Cx/A)x + (Л,/С% + AyCy/B2 = АЛС, 
C ŷ = (Ay/A)Cx + (Bx/B)Cy , 0 V S ) y + (Д«М)Х + AZBZ/C2 = XAB . 

In the case A = 0 we have the metric with zero curvature and the system determines a class 
of triple orthogonal coordinate system in Euclidean 3-dimensional space. Using matrix 
representation of the condition Rx-.kl = 0 one obtains: 

№ , * - Г1,„ + [ГЬГ2] = 0, T2iZ - Гз,, + [Г3,Г2] = 0, Г3|Я - Г м + [ГЬГ3] = 0, 

where Г J k are Christoffel symbols of the metric (7). We can write the system (11) as condition 
of compatibility of the following linear system of equations with spectral parameter q: 

(q3d/3z + qd/dx + д/ду)Ф = -(q3T3 + qTx + Г2)Ф , 
(q2d/dy + qd/dx + д/дг)Ф = -(д2г2 + чтг + Г3)Ф , 

It is known (see [1]) that this representation cannot be used for the integration of the 
Lame system. We can consider the system 

(10) Azy = (Cy/C)Az + (Bz/B)Ay) 

BZX = (CX/C)BZ+(AZ/A)BX, 
= (Ay/A)Cx + (Bx/B)Cy, 

as independent subsystem of system (8). Of course this subsystem has no original geomet­
rical meaning of the system (8). Nevertheless it has its own geometrical meaning in terms 
of the following construction. This subsystem can be considered as compatibility condition 
of the linear system of equations 

(И) Ф*у = (АУ/А)ФХ + (ВХ/В)ФУ , 
Ф«, = (А,/А)ФХ + (СХ/С)Ф2 , 
Фгу = (Вг/В)Фу + (Су/С)Фг . 

Choosing five solutions Ф'(х, у, г), t — 0 , . . . , 4, of the system (11) one can construct 
a 3-dimensional manifold ^(Ф4/Ф°, Ф3/Ф°, Ф2/Ф°, Ф1/Ф°) = 0 in 4-dimensional projec­
tive space MP4. In this hyperspace there exist 2-dimensional surfaces which intersect on 
the thrice conjugate lines. This follows from the projective generalization of the Dupin 
theorem of classical differential geometry on a family of curvature lines. The systems (10) 
and (11) were studied earlier [1] as examples of the Zakharov - Manakov [2] multidimensional 
integrable equations. The system (10) can be represented in the operator form: 

[Li, L2] = (Bxz — AXZ)L\ + (Axy — Cxy)L,2 + (Bxx — Схх)Ьз , 
[Ьг^Ьз] = (Azy — Bzy)L\ + (Ayy — Cyy)L,2 + (Bxy —Сху)Ьз , 
[L2tL3] = (Azz - BZZ)LX + (Azy - Czy)L2 4- (Cxz - BXZ)L3 , 
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where the operators L, have the form: 

Lx = Dxy - (Ay/A)DX - (Bx/B)Dy , 
L2 = Dxz - (AZ/A)DX - (CX/C)DZ , 
L3 = Dyz - {Bz/B)Dy - {Cy/C)Dy . 

We can construct solution of the systems (10), (11) using representation: 

(12) Ф = [An + aiA71-1 + . . . + an_iA + an] exp x у z 
A A - l A + l 

where a,- = a,-(я, t/, z), A is a parameter. So, for n = 0 after substitution of Ф in (12) one 
obtains the system for S = 1/ao: 

\±o) dXy = Uy &X , 0ZX — UX UZ , &Zy = Oyj2u UZ/ Z . 

Thus we have: 
e *-y tx+z/2 e-x-y/2 

(14) Л = — , * = — , C = 5 • 

n = 1. In this case we have the system of equations for a(x, y, z) = ai(x, y, z): 

axy = (ay + axay)/a + (ax + ayax)/(a + 1) + ay - ax , 
. a** = (a* + axaz)/a + (ax + axaz)/(a - 1) + ax - az , 

<»y* = (a* + ayaz)/(a + 1) + (ay + ayaz)/(a - 1) + ay/2 - a^/2 . 

This system is equivalent to the following system of linear equations: 

Sy2 = -(k/2)S + (k- 1/2)5, + (1/2)5, , 
»JXy = = iJ , L^XZ ~ \ZfC *-)^ l" ЛдЬх ZiOZ , 

where a = Sy/(S — Sy)y and к is a parameter. We can receive the solutions of initial 
equations (10), based on the solutions of the system (13). So we have: 

(15) A = аег~У , В = (a + l)ex+z'2 , С = (a - l ) e " x - y / 2 . 

More general classes of solutions are obtained in [3]. A natural 4-dimensional generalization 
of the system (10) may be obtained in the analogous way for the metric: 

(16) ds2 = Ф2dt2 + A2dx2 + B2dy2 + C2dz2 . 

Then the condition (1) for i = к leads to equations, which are compatibility conditions of 
the following system: 

Фху = (АУ/А)ФХ + (ВХ/В)ФУ) Фхг = (Аг/А)Фх + {Сх/С)Фг , 
Фяу = (Вг/В)Фу + (СУ/С)Ф2, Фуг = (Вг/В)Фу + {Dy/D^t, 
Ф„ = (D,lD)9t + (С,/С)Ф„ Ф,у = (Вг/В)Фу + (СУ/С)Ф2 . 
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These equations give 4-dimensional generalization of equation (10) at A = 0.Using rep­
resentation of the type (12) we can obtain the solution of this system. In the simplest 
case: 
(17) <& = a(x,2/,z,t)exp A< + т + T^-r + A A - l A + l 

and Ф = a(z,y,z,t), A = a(x,y,z,t)ez-y, В = а (х ,у ,г ,<)е х + ' + г / 2 , С = 
a(x,y, z)i)eyl2~x~t, where function a(x,y,z,t) is determined by means of solutions of 
a corresponding linear system of equations. 

3. EINSTEIN EQUATION FOR THE STATIONARY GRAVITATIONAL 

FIELDS 

Let us consider the condition R\lls — Rik = 0 for the metric: 

(18) ds2 = Ф2(х, у, z)dt2 - A2(x, y, z)dx2 - B2(x, y, z)dy2 - C2(x, y, z)dz2 . 

Then one obtains the system of equations: 

(19) Фху = (АУ/А)ФХ + (ВХ/В)ФУ - [Cxy - (АУ/А)СХ - (ВХ/В)СУ]Ф/С, 
Фхх = (Аг/А)Фх + (Сх/С)Фг - [Вгх - {CX/C)BZ - (А2/А)ВХ]Ф/В, 
Фгу = (Вг/В)Фу + (Су/С)Фг - [Azy-(Cy/C)Az - (В2/В)АУ]Ф/А, 
Фхх = АХФХ/А - ААУФУ/В2 - ААгФг/С2 + А2ЕХФ, 
Фуу = ВУФУ/В - ВВХФХ/А2 - ВВгФг/С2 + В2Е2Ф, 
Ф« = СгФг/С - ССХФХ/А2 - ССУФУ/В2 + С2Е3Ф, 

where 

Ei = [{Вг/С)г + (Су/В)у + ВХСХ/А2)/(ВС), 
Ei = \{СХ/А)Х + (Аг/С)г + АУСУ/В2]/(АС), 
Е3 = [{Ау/В)у + (Вх/А)х + AZBZ/C2]/(AB),' 

which must obey the main condition: 

(20) E-i. + E2 + E3 = 0. 

Thus the solution of this system of equations determines all types of the stationary gravi­
tational fields. 

4. EISENHART SPACES A N D THEIR APPLICATIONS 

Now we consider the class of metrics (7) with condition 3Д = О. Due to (3) for components 
of metric tensor this condition is equivalent to the equation (20). This relation takes 
remarkable form under ansatz: 

(21) A = В = es(-x'y>z), C = SZ. 
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After this substitution in the relation (20) one obtains the equation 

( 2 2 j [*ba?x "г &yy\z ~r [«bara: ~r ^yyj^z "T Oib^e = U , 

which after integration in z can be written as 

(23) Sxx + Syy = A(x, y)e~s - e2S , 

with arbitrary function A(x) y). Choosing here A = 1 one obtains the equation which is 
very well known in the theory of the Inverse scattering transform method. We can use this 
method for integration of the equation (23). Let us consider any solution of (23) depending 
on some parameters 6*. Choosing variable z to be one of these parameters we get solution 
of equation (22): (Sxx + Syy)bk f Sbk(Sxx + Syy) + 3Sbke2S = 0. Other integrable cases 
corresponds to the condition A(x, y) = 0, when (23) is reduced to the Liouville equation. 

Condition 3Д = 0 has remarkable applications in theory of gravitational waves [4]. In 
fact, splitting of the full system of Einstein equations in two parts leads to the following 
conditions on initial data: 

(24) 3Д + (Sp K)2 - Sp(K2) = 0, (Kj - 8} Sp K)fi = 0, 

where Kj are some functions constructed from the components of metric tensor 

(25) ds2 = 3д{к<1хЧхк + 2W,<ftdx* + (N{Nj - N2)dt2 . 

The case 3R = 0 (when Kj =• 0) correspondence to the configurations of gravitational 
waves symmetric in time. Notice, that we can generalize this approach on the initial data 
in gravitational theory using the integrable system: 

(26) Sxt = e2S -cosh[3Q]e-s
 } Qxt = sinh[3Q]e"-5 , 

which coincides with (23) for Q = 0. TV-parametric solutions of this system can be used 
for investigation the full system (24). 

5. YANG-MILLS CONDITIONS ON CURVATURE 

Let Tfj be the connection coefficients of a manifold. Yang-Mills condition on curvature 
tensor has the form (4), where R3

ilk = TJ
ilk - TJ

lkJ + [Г,-, Тк]] is the Riemannian tensor of 
curvature. 

It can be shown that matrixes Rij obeying conditions 

(27) R12 + R30 = 0 , Д32 + Дм = 0 , R13 = R02 = 0 

resolve the Yang-Mills equation on curvature. These conditions give us nonlinear system 
of equations on Г,- which is special reduction of the full system: 

Tiy - T2x + [Г ь Г2] + T3t - T0z + [Гз, Го] = 0 , 
Тзу - T2z + [Гз, Г2] + Г0х - Гц + [Г0, Га] = 0 , 
Toy - Г2« + [Го, Г2] = 0, Т12 - Г3 х + [Г ь Гз] = 0 . 
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Notice that this reduction of the Yang-Mills equation differs from the well known self-dual 
one. We can represent this system as condition of compatibility of the following linear 
system of equations: 

А2ФУ + АФ* + Фх = (А2Г2 + АГо + Гх)Ф, 
\ 4 t - ХФУ + Фг = (А2Г0 - АГ2 + Г3)Ф. 

Using standard technique of the Inverse Scattering Transform Method one can construct 
solutions of these equations. In the simplest case Го = MZX) Г 2 = — MZZ) Ti = Г3 = 0 
one obtains the matrix system 

(28) Mzzt + Mzxy + [Mzz,Mzx] = 0) Mzzz + Mzxx = 0, 

which can be examined in the elementary way. 

6. GEOMETRICAL THEORY OF THE SECOND ORDER EQUATIONS 

Cartan theory [5] of the second order differential equations (5) is based on the following 
system of differential 1-form determining in the space of linear elements (x,y, г/) some 
projective connection. These forms have components: 

wx=dx, w2 = dy-y'dxy w\ = dy' - / (z ,y ,y ' )dx , 
w\ - WQ = fyidx , w\ - w% = -fy'y'(dy - j/dx)/2 , 
w\ = /y 'y 'y ' ( d y- l / d a ? ) / 6 » 
w\ = fydx + fyywl/2 + [2/3,3,73 - (l/6)d/dx(fy,y,]w2 , 
w°2 = [fyy'l* - (l/e)d/dx(fy,y,)]dx - d ( / f v ) / 6 + mw2 , 

where 6m = fyy'y' — /y'/y'y'y' — (d/dx)fyiyiyi, and d/dx = д/дх + \/д/ду + fd/ду'. The 
curvature tensor of the connection has the components: 

(29) R\ = aw2 /\w\, Я? = bw1 Л w2 , R°2 = hw1 Л w2 + kw2 Л w\ , 

where 6a = -~fy,y,y,yi > 6fc = — 6rriy/ — fy'y'fy'y'y', Л = 6y/ and 66 = —fxxy'y' — 
V/aryy'y' - !/2fyyy'y' - fyffyy'y'y1 ~ tffxy'y'y1 - . / 2 /y 'y 'y 'y ' ~ (Л? + y*fy)fy'y'y' + 
4/aryy' + V / y f y/ + ( 3 / -f У7у' )/уу'у' + fy'fxy'y' + 4/y'/yy' + 3 / y / y v - 6 / y y Using the 
connection and curvature Cartan constructed invariants of equation under transformations 
ar = C/(x, y), t/ = V(x, y) (this problem was solved earlier by T. Tresse without geometrical 
interpretation). More earlier Liouville [6] has constructed some series of invariants for the 
simplest form-invariant equations: 

(30) у" + ai(a?, y)y/3 + a2(a:, y)y/2 + a3(x, y) | / + a4(«, y) = 0 . 

In this case one obtains the connection in 2-dimensional space (x, y): 

П Ц = 2(a3 — (12(14) + аз* — a4y , П22 = 2{a\ — 0103)'+ a\x — a^v , 
П12 = П21 = (а2аз — aia4) + a2x - азу , 



GEOMETRICAL PROPERTIES OF NONLINEAR DIFFERENTIAL EQUATIONS 247 

and the components of curvature tensor: 

(31) Li = Щах - П11у + 2а3П12 - а4П22 - а 2 П п , 
L2 = П22х — IIi2y •+ 2a2IIi2 — азП22 —* a{YL\\ . 

Using L\, L2 and а,-(я, y) it is possible to obtain the series of invariants: 

(32) ЛГ.-+2 = LxNiy - L2Nix + iN{(L2x - Lly), i > 5 , 
N5 = L2(L\L2x — L2L\X) + L\(L2L\y — L\L2y) — 

- a i L f + Za2L\h2 + a4L3 - 3a3Z^Za. 

In the theory of the second order equations some invariants has geometrical sense. The 
fundamental role of invariant N$ for equation (30) was found in [5]. 

Theorem 1. The space of projective connection, determined by the equation (30) 
under condition N5 = 0 can be immersed as developable surface in the projective space 
MP3 , and in space MP4 if Ns Ф 0 [7]. 

According to this theorem all equations of the type (30) can be divided in two classes, 
and theory of surfaces in projective spaces can be used in investigation of these equations. 
We can use the theory of invariants for the studying of some nonlinear dynamical system. 
For example, the Lorentz system of equations (6) is equivalent to the one second order 
differential equation 

(33) y" = (y')23/y + (Mx - my)y' + (nx3 - lx)y4 + (nx2 + t)y3 - sy2/x , 

where 

(34) m = (6 + jfc + 1)/Jb, n = l / f c 2 , * = &(Jfe+l)/Jfe2, e = ( t + l ) / t , l = b(r-l)/k2. 

In this case we have a\ = 0, a2 = — 1/y, За3 = (my — 1/x), 04 = (/x — nx3)y4 — 
(nx2 + t)y3 + sy2/x) and the components of curvature tensor (31): 

(35) Li = 3(lx - nx3)y2 - 2m2y/3 + (2m/3 - *)/« , L2 = m/y. 

According to (32) we have the expression for semiinvariant: 

N5 = mn(10m - 6s - m2)x2 + m(4m2/9 + 2ms/3 - 2s2)/x2y2 + 
+m(2m 4 /9 + 618 - 4m/ - m2*). 

Due to the theorem one obtains the following result. Invariant N5 is identically equal to 
zero only in two cases: 1) s = - 1 / 5 , 6 = —16/5, r = - 7 / 5 ; 2) s = 1/3, 6 = 2/3, r is 
arbitrary. Thus for these choices of parameters equation (33) determines two-dimensional 
surface of projective connection immersed in MP3-space. Other values of parameters lead 
to the surfaces in the space MP4. 

Note . In MP3 some surfaces are associated with integrable nonlinear differential equa­
tions. For example the system of equations 

(36) Фху = а(х, у)Фх + Ь(ж, у)Ф , Фхх = дФу + 2qa(x, у)Ф , 
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where q is a parameter, and for which integrable condition of compatibility has the form 

(37) 3g ayy — 6q(a ) x x + axxxx = 0 

determines some developable surface ^(Ф1 /Ф°,Ф2 /Ф°,Ф1 /Ф0) = 0 in MP3-space. Here 
Фъ(х, у) are the solutions of the linear system for some a{x) y). The examples of the surfaces 
in MP4 can be constructed by means of the solutions of the linear system of equations (11). 

In the theory of the second order differential equations (5) relation 

(38) F(x,y,a,b) = 0 

presenting the general integral of the equation is of great importance. By its means dual 
equation is introduced: 
(39) Ъ" = <р(а,Ъ,Ь'). 

Proposition 1. For the equations of the form (30) dual equations are determined by 
the condition (c = V) : 

<Paacc + 2c<pabcc + 2<P<Paccc + C2(pbbcc + 2c(p(pbccc + <р2фсссс + (<pa + C<pb)<Pccc -

~4<Pabc - 4с<ръЬс ~ ЗунрЪсс - C<fic<Pbcc - <Рс<Расс + 4<Pc<fbc ~ 3(ръ<рСс + Ь<РЪЪ = 0 . 

This equation has solutions of the form [8]: 

(40) if = ски[аск-г], tp = ckU[bck~2], <p = ckU[ack-\bck~2]. 

In the case <p = a~kA(cak~1) one obtains (x = cak~l)\ 

[A + (ifc - l)x]2AIV + 3(t - 2)[A + (k - l)x]AUI + 
+(2 - k)AJA11 + (k2 - 5t + 6)AU = 0 . 

Solution of this equation is given by 

(41) A = (2 - Jb)[x(l 4- x2) + (1 + x2)3/2] + (1 - k)x , 

where к is a parameter. For к = 1 we have equation a6" = 6;(1 + 6' ) + (1 + 6 / 2)3 /2 , which 
is dual to the equation 2xy" = —yf — y7. The solutions of dual equation determines the 
structure of the splitting of the phase space in trajectories and is associated with its Finsler 
properties in the every domain. 

Other way of introducing of the Finsler metric in theory of the ordinary differential 
equations is connected with their Lagrangian form. For the second order equation (5) we have 
the condition for Lagrangian ds = A(x,y,y')dx: г/fAyyi + Axyi + f{x)y)%/)Ayiyi - Ay = 0, 
which can be written in the form r/Sy +SX+ / (x , y, y,)Sy' + fy> = 0, where S = log Ayiyi. 

P ropos i t ion 2. The condition 

(42) det 

S' 1 0 0 
S" S' 1 0 
S'" 2 5 " S' 1 

siv 35/// 3 S / / 5 / 

P 
P' 
P" 
pin 

4SIV 65" ' 4 5 " PIV 

= 0, 
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where P = —y'Sy — SX) Sf = Sy^...)P/ = Pyi>... determines all invariant Finsler 
metrics for equations (30). 

The following result for the equations (33), (34) is obtained: Lorentz equation can 
be considered as the equation of geodesic lines in a space with the Finsler metric ds = 
[a(a?,2/)y/-f6(x,y)]1/ndarinthecaseib = n / (4 -n ) , 6 = 8 ( n - l ) / ( 4 - n ) , r = ( 3 n - 4 ) / ( 4 - n ) -
and ds = [а(х,у)уГ + b(x,y)]1^n(yf)n^1 in the case к = l/(4n -f 1), 6 = 8/(4n + 1), 
r = (16n + 5)/(4n + 1) or к = l/(2n + 1), 6 = 2/(2n + 1), г is arbitrary. Here а(я, у), 
6(x, у) are some functions. In the work [9] it was shown that this class of metrics corresponds 
to the Berwald spaces. Notice, that appearance of the Finsler properties in the theory of 
the second order equations is based on the projective connection in the space (x, у, у'). 

There exist a remarkable correspondence of invariant N$, Painleve property and the 
Finsler metrics for equation (33). It is known that Painleve property (or complete integra-
bility) is fulfilled for the following choices of parameters: l ) s = 0 , 2 ) s = 1/2,6 = 0, r = 0, 
3 ) s = l , 6 = 2 , r = 1/9, 4) 5 = 1/3,6 = 0 , r is arbitrary. Comparing these conditions 
with the conditions of existence of Finsler metric for the equation (33) we discover that 
some of them coincide. For example, we have the following relations for parameters: A = 0 
(i.e. 352 + 865 + 25 = (6 + l)2) , B = 0 (i.e. s = 26 - 1 and 4s + 6 + 4 = 0), С = 0 (i.e. 
r = 1 + [(6 + 5 + 1)2(6 - 25 - 2)/18b«]). From the last condition we have: 5 = 1,6 = 2, 
r = 1/9, i.e. the case 3 above. 
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B.C. Дрюма 
Г Е О М Е Т Р И Ч Е С К И Е СВОЙСТВА МНОГОМЕРНЫХ 

Н Е Л И Н Е Й Н Ы Х ДИФФЕРЕНЦИАЛЬНЫХ У Р А В Н Е Н И Й И 
ФИНСЛЕРОВСКИЕ М Е Т Р И К И ФАЗОВЫХ ПРОСТРАНСТВ 

Д И Н А М И Ч Е С К И Х СИСТЕМ 

Рассмотрены многомерные нелинейные дифференциальные уравнения, возникающие из специ­
фических условий на тензор кривизны трех- и четырехмерных многообразий. Построены примеры 
финслеровских метрик, связанных с нелинейными динамическими системами. 


