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c© 2001 £. �. �àî¬ ∗Ǳ��������� ��������� ���������� ��������� ���������{����� � ������������������ ������������������������� ������� Ǳ������� áá¬®âà¥­ë ­¥ª®â®àë¥ á¢®©áâ¢  ç¥âëà¥å¬¥à­ëå à¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ¬¥âà¨Äç¥áª¨¥ª®íää¨æ¨¥­âëª®â®àëåá¢ï§ ­ëáª®íää¨æ¨¥­â ¬¨­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ìÄ­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª . �áá«¥¤®¢ ­ë á¢®©áâ¢  âà¥å¬¥à­ëå ¯à®áâà ­áâ¢�©­èâ¥©­ {�¥©«ï, á¢ï§ ­­ëå á ¤ã «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ b′′ = g(a; b; b′), ¢ ª®â®àëåäã­ªæ¨ïg(a; b; b′) ã¤®¢«¥â¢®àï¥â á¯¥æ¨ «ì­®¬ã¤¨ää¥à¥­æ¨ «ì­®¬ããà ¢­¥­¨î¢ç áâÄ­ëå ¯à®¨§¢®¤­ëå. 1. ���������¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (���) ¢â®à®£® ¯®àï¤ª  ¨ ¢¨¤ y′′ + a1(x; y)y′3 + 3a2(x; y)y′2 + 3a3(x; y)y′ + a4(x; y) = 0 (1)á¢ï§ ­ë á ­¥«¨­¥©­®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬®©, § ¤ ¢ ¥¬®© á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:dxdt = P (x; y; z; �i); dydt = Q(x; y; z; �i); dzdt = R(x; y; z; �i);£¤¥ �i { ­¥ª®â®àë¥ ¯ à ¬¥âàë. � ¯à¨¬¥à, á¨áâ¥¬  �®à¥­æ _X = �(Y −X); _Y = rX − Y − ZX; _Z = XY − bZ;¯à®ï¢«ïîé ï á¢®©áâ¢  å ®â¨ç¥áª®© á¨áâ¥¬ë ¯à¨ ­¥ª®â®àëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ �,r, b, ®ª §ë¢ ¥âáï íª¢¨¢ «¥­â­®© ãà ¢­¥­¨îy′′ − 3y y′2 +(�y − 1x) y′ + �xy4 − �x3y4 − �x2y3 − 
y3 + Æ y2x = 0; (2)£¤¥ � = b+ � + 1� ; � = 1�2 ; 
 = b(� + 1)�2 ; Æ = (� + 1)� ; � = b(r − 1)�2 :
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16 �. ������¢®©áâ¢  íâ®£® ãà ¢­¥­¨ï ¡ë«¨ ¨áá«¥¤®¢ ­ë ¢ à ¡®â å [1]{[5] á ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¨¨¨­¢ à¨ ­â®¢. � á®®â¢¥âáâ¢¨¨ á íâ®© â¥®à¨¥© [6]{[10] ¢á¥ ãà ¢­¥­¨ï ¢¨¤  (1) ¬®£ãâ ¡ëâìà §¡¨âë ­  ¤¢  ª« áá  ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, à ¢¥­ ¨«¨ ­¥ à ¢¥­ ­ã«î ª®íää¨æ¨¥­â �5:�5 = L2(L1L2x − L2L1x) + L1(L2L1y − L1L2y)− a1L31 + 3a2L21L2 − 3a3L1L22 + a4L32;£¤¥ L1 ¨ L2, ¢ á¢®î ®ç¥à¥¤ì, § ¤ îâáï ä®à¬ã« ¬¨L1 = @@y (a4y + 3a2a4)− @@x (2a3y − a2x + a1a4)− 3a3(2a3y − a2x)− a4a1x;L2 = @@x (a1x − 3a1a3) + @@x (a3y − 2a2x + a1a4)− 3a2(a3y − 2a2x) + a1a4y:�«ï ãà ¢­¥­¨© á �5 = 0�¨ã¢¨««ì ®âªàë« ­ ¡®à ¯®«ã¨­¢ à¨ ­â®¢, ­ ç¨­ îé¨åáï áw1 = 1L41 [L31(�′L1 − �′′L2) +R1(L21)x − L21R1x + L1R1(a3L1 − a4L2)];£¤¥ R1 = L1L2x − L2L1x + a2L21 − 2a3L1L2 + a4L22 ¨� = a2y − a1x + 2(a1a3 − a22);�′ = a3y − a2x + a1a4 − a2a3;�′′ = a4y − a3x + 2(a2a4 − a23):� á«ãç ¥, ª®£¤  �5 6= 0, ¯®«ã¨­¢ à¨ ­âë ¨¬¥îâ ¢¨¤�m+5 = L1@�m@y − L2 @�m@x +m�m (@L2@x −
@L1@y ) ;  á®®â¢¥âáâ¢ãîé ï á¥à¨ï ¯®«­ëå ¨­¢ à¨ ­â®¢ § ¤ ¥âáï ä®à¬ã«®©

[5tm − (m− 2)t7tm−2]�2=55 = 5(L1 @tm−2@y − L2@tm−2@x ) ;£¤¥ tm = �m�−m=55 .2. �������� Ǳ����������� � ������ ����«ï ¯®áâà®¥­¨ïà¨¬ ­®¢ëå¯à®áâà ­áâ¢, á¢ï§ ­­ëå á ãà ¢­¥­¨¥¬ (1), ¢ë¯¨è¥¬ ãà ¢Ä­¥­¨ï £¥®¤¥§¨ç¥áª¨å ¢ ¤¢ã¬¥à­®¬ ¯à®áâà ­áâ¢¥A2, á­ ¡¦¥­­®¬  ää¨­­®© (¨«¨ à¨¬ ­®Ä¢®©) á¢ï§­®áâìî, �x+ �111 _x2 + 2�112 _x _y + �122 _y2 = 0;�y + �211 _x2 + 2�212 _x _y + �222 _y2 = 0:�â  á¨áâ¥¬  ãà ¢­¥­¨© íª¢¨¢ «¥­â­  ¥¤¨­áâ¢¥­­®¬ã ãà ¢­¥­¨îy′′ − �122y′3 + (�222 − 2�112)y′2 + (2�212 − �111)y′ + �211 = 0;



Ǳ��������� ��������� ��������� � ��������� ���������{����� 17ª®â®à®¥ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ â¨¯  (1) á® á¯¥æ¨ «ì­ë¬ ¢ë¡®à®¬ ª®íää¨æ¨¥­â®¢ ai(x; y).�à ¢­¥­¨¥ (1) á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ai(x; y) ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨à®Ä¢ ­® ª ª ãà ¢­¥­¨¥ £¥®¤¥§¨ç¥áª®© ¢ ¤¢ã¬¥à­®¬ ¯à®áâà ­áâ¢¥A2:�x− a3 _x2 − 2a2 _x _y − a1 _y2 = 0;�y + a4 _x2 + 2a3 _x _y + a2 _y2 = 0;¯à®¥ªâ¨¢­ ï á¢ï§­®áâì ª®â®à®£® ¨¬¥¥â ª®¬¯®­¥­âë�1 = ∣
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:�¥­§®à ªà¨¢¨§­ë á¢ï§­®áâ¨ â ª®£® â¨¯  ¨¬¥¥â ¢¨¤R12 = @�2@x −
@�1@y + [�1;�2];  ¥£® ª®¬¯®­¥­âë ¢ëà ¦ îâáï ä®à¬ã« ¬¨R1112 = a3y − a2x + a1a4 − a2a3 = �′; R1212 = a2y − a1x + 2(a1a3 − a22) = �;R2112 = a3x − a4y + 2(a23 − a2a4) = −�′′; R2212 = a2x − a3y + a3a2 − a1a4 = −�′:�«ï ¯®áâà®¥­¨ï à¨¬ ­®¢  ¯à®áâà ­áâ¢ , á¢ï§ ­­®£® á ãà ¢­¥­¨¥¬ ¢¨¤  (1), ¨á¯®«ìÄ§ã¥âáï à¨¬ ­®¢® à áè¨à¥­¨¥W 4 ¯à®áâà ­áâ¢ A2 á® á¢ï§­®áâìî�kij [11]. �®®â¢¥âáâ¢ãÄîé ï ¬¥âà¨ª  ¨¬¥¥â ¢¨¤ ds2 = −2�kij�k dxi dxj + 2 d�i dxi:� ¨áá«¥¤ã¥¬®¬ á«ãç ¥ (ª®£¤  �1 = z ¨ �2 = �) íâ  ¬¥âà¨ª  ¤ ¥âáï ä®à¬ã«®©ds2 = 2(za3 − �a4) dx2 + 4(za2 − �a3) dx dy + 2(za1 − �a2) dy2 + 2dx dz + 2dy d�: (3)�¥¯¥àì ¬®¦­® áä®à¬ã«¨à®¢ âì ãâ¢¥à¦¤¥­¨¥.Ǳà¥¤«®¦¥­¨¥ 1. �«ï § ¤ ­­®£® ãà ¢­¥­¨ï â¨¯  (1) ¯®«ãç¨¬ à¨¬ ­®¢® ¯à®áÄâà ­áâ¢® á ¬¥âà¨ª®© (3), ç áâì £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå ª®â®à®£® áãâì ¨­â¥£à «ìÄ­ë¥ ªà¨¢ë¥ ¤ ­­®£® ãà ¢­¥­¨ï.



18 �. ������ëç¨á«ïï £¥®¤¥§¨ç¥áª¨¥ ¤«ï ¯à®áâà ­áâ¢ W 4 á ¬¥âà¨ª®© (3), ¯®«ãç¨¬ á«¥¤ãîéãîá¨áâ¥¬ã ãà ¢­¥­¨©:d2xds2 − a3(dxds)2
− 2a2 dxds dyds − a1(dyds)2 = 0;d2yds2 + a4(dxds)2 + 2a3 dxds dyds + a2(dyds)2 = 0;d2zds2 + [z(a4y − �′′)− �a4x]

(dxds)2++ 2[za3y − �(a3x + �′′)]dxds dyds + [z(a2y + �)− �(a2x + 2�′)] (dyds)2++ 2a3 dxds dzds − 2a4 dxds d�ds + 2a2 dyds dzds − 2a3 dyds d�ds = 0;d2�ds2 + [z(a3y − 2�′)− �(a3x − �′′)](dxds)2++ 2[z(a2y − �)− �a2x]dxds dyds + [za1y − �(a1x + �)] (dyds)2++ 2a2 dxds dzds − 2a3 dxds d�ds + 2a1 dyds dzds − 2a2 dyds d�ds = 0:�â  á¨áâ¥¬  ãà ¢­¥­¨© ¨¬¥¥â ¨­â¥£à « ¤¢¨¦¥­¨ï2(za3 − �a4) _x2 + 4(za2 − �a3) _x _y + 2(za1 − �a2) _y2 + 2 _x _z + 2 _y _� = 1:� ¬¥â¨¬ â ª¦¥, çâ® ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï íâ®© á¨áâ¥¬ë íª¢¨¢ «¥­â­ë ãà ¢­¥­¨î (1).� ª¨¬ ®¡à §®¬, ¯®áâà®¥­® ç¥âëà¥å¬¥à­®¥ à¨¬ ­®¢® ¯à®áâà ­áâ¢® á ¬¥âà¨ª®© (3) ¨á¢ï§­®áâìî�1 = ∣
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Ǳ��������� ��������� ��������� � ��������� ���������{����� 19�¥­§®à ªà¨¢¨§­ë íâ®© ¬¥âà¨ª¨ ¨¬¥¥â ¢¨¤R1112 = −R3312 = −R2212 = R4412 = �′;R1212 = −R4312 = �; R2112 = −R3412 = −�′′;R1312 = R1412 = R2312 = R2412 = 0;R3112 = 2z(a2�′′ − a3�′) + 2�(a4�′ − a3�′′);R4212 = 2z(a3�′ − a2�) + 2�(a3�− a2�′);R3212 = z(�x − �′y + a1�′′ − a3�) + �(�′′y − �′x + a4�− a2�′′);R4112 = z(�′y − �x + a1�′′ − a3�) + �(�′x − �′′y + a4�− a2�′′):�á¯®«ì§ãï á«¥¤ãîé¨¥ ¢ëà ¦¥­¨ï ¤«ï ª®¬¯®­¥­â ¯à®¥ªâ¨¢­®© ªà¨¢¨§­ë ¯à®áâà ­áâÄ¢  A2: L1 = �′′y − �′x + a2�′′ + a4�− 2a3�′;L2 = �′y − �x + a1�′′ + a3�− 2a2�′;¬®¦­® § ¯¨á âì ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë:R4112 = z(L2 + 2a2�′ − 2a3�) − �(L1 + 2a3�′ − 2a4�);R3212 = z(−L2 + 2a1�′′ − 2a2�′) + �(L1 + 2a3�′ − 2a2�′′);R13 = ∣
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;Rij34 = 0:�®¬¯®­¥­âë â¥­§®à  �¨çç¨ Rik = Rlilk ¯à®áâà ­áâ¢ M4 ¨¬¥îâ ¢¨¤R11 = 2�′′; R12 = 2�′; R22 = 2�;  áª «ïà­ ï ªà¨¢¨§­ R = gingkmRnm ¯à®áâà ­áâ¢ M4 ®¡à é ¥âáï ¢ ­ã«ì: R = 0.�¢¥¤¥¬ â¥¯¥àì â¥­§®àLijk = ∇kRij −∇jRik = Rij;k −Rik;já ª®¬¯®­¥­â ¬¨ L112 = −L121 = 2L1; L221 = L212 = −2L2:�­¢ à¨ ­âëãà ¢­¥­¨ï (1) ¬®£ãâ ¡ëâì ¢ëà ¦¥­ëç¥à¥§ ª®¢ à¨ ­â­ë¥¯à®¨§¢®¤­ë¥ â¥­Ä§®à  ªà¨¢¨§­ë ¨ ¢¥«¨ç¨­ë L1 ¨ L2.



20 �. ������¥­§®à �¥©«ï ¯à®áâà ­áâ¢ M4Clijk = Rlijk + 12(gjlRik + gikRjl − gjkRil − gilRjk) + R6 (gjkgil − gjlgik)¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ­¥­ã«¥¢ãî ª®¬¯®­¥­âãC1212 = tL1 − zL2. �áá«¥¤ãï ãà ¢­¥­¨¥
|Rab − �gab| = 0;£¤¥ ¬ âà¨æ  Rab áâà®¨âáï ¨§ ª®¬¯®­¥­â â¥­§®à  �¨¬ ­ R1412 = �′′; R2412 = �′; R2312 = −�; R3112 = �′;R1212 = z(�x − �′y + a1�′′ − 2a2�′ + a3�) + t(�′′y − �′x − a4�+ 2a3�′ − a3�′′);¯®«ãç¨¬, çâ® ¯à®áâà ­áâ¢®M4 ¨¬¥¥â â¨¯ N ¨ ¢á¥ ¨­¢ à¨ ­âë ¢â®à®£® ¯®àï¤ª  ¯à®áÄâà ­áâ¢ M4 ®¡à é îâáï ¢ ­ã«ì.� ¬¥ç ­¨¥ 1. Ǳà®áâà ­áâ¢  á ¬¥âà¨ª®© (3) ®ª §ë¢ îâáï ¯«®áª¨¬¨ ¤«ï ãà ¢­¥Ä­¨ï (1) ¯à¨ ãá«®¢¨ïå � = 0, �′ = 0 ¨ �′′ = 0, ­ «®¦¥­­ëå ­  ª®íää¨æ¨¥­âë ai(x; y).�®¬¯®­¥­âë ¯à®¥ªâ¨¢­®© ªà¨¢¨§­ë ¤«ï íâ¨å ãà ¢­¥­¨© ®¡à é îâáï ¢ ­ã«ì (L1 = 0¨ L2 = 0), ¨ â®£¤  ¯®á«¥ «®ª «ì­®£® ¯à¥®¡à §®¢ ­¨ï íâ¨ ãá«®¢¨ï ¯à¨­¨¬ îâ ä®à¬ãy′′ = 0.� ¤àã£®© áâ®à®­ë, ¨¬¥îâáï ¯à¨¬¥àë ãà ¢­¥­¨ï (1) á ãá«®¢¨ï¬¨ L1 = 0 ¨ L2 = 0, ­®á äã­ªæ¨ï¬¨ � 6= 0, �′ 6= 0 ¨ �′′ 6= 0. �«ï â ª¨å ãà ¢­¥­¨© ªà¨¢¨§­ë á®®â¢¥âáâ¢ãîé¨åà¨¬ ­®¢ëå ¯à®áâà ­áâ¢ ¢ ­ã«ì ­¥ ®¡à é îâáï. � á ¬®¬ ¤¥«¥, à áá¬ âà¨¢ ï ãà ¢­¥­¨¥y′′ + 2e'y′3 − 'yy′2 + 'xy′ − 2e' = 0;¢ ª®â®à®¬äã­ªæ¨ï'(x; y) ¥áâì à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï�¨«ìç¨­áª®£®{�¨æ¥©ª¨'xy = 4e2' − e−';¨­â¥£à¨àã¥¬®£® á ¯®¬®éìî¬¥â®¤  ®¡à â­®© § ¤ ç¨, ¯®«ãç¨¬, çâ® ¤«ï íâ®£® ãà ¢­¥­¨ïL1 = 0 ¨ L2 = 0, ­® � 6= 0, �′ 6= 0 ¨ �′′ 6= 0.� ¬¥ç ­¨¥ 2. �á®¡¥­­® ¨­â¥à¥á­® ¨áá«¥¤®¢ âì á¢®©áâ¢  ¯à®áâà ­áâ¢ á ¬¥âà¨ª®©(3) ¨ ãà ¢­¥­¨¥ (2) ¯à¨ ª®íää¨æ¨¥­â å, ¯à¨¢®¤ïé¨å ª å ®â¨ç¥áª®¬ã ¯®¢¥¤¥­¨î à¥è¥Ä­¨© (� = 10, b = 8=3 ¨ r > 24). � ç áâ­®áâ¨, ¨­â¥à¥á­® ¨áá«¥¤®¢ âì ãà ¢­¥­¨ï £¥®¤¥§¨Äç¥áª®£® ®âª«®­¥­¨ï d2�ids2 + 2�ilm dxmds d�lds + @�ikl@xj dxkds dxlds �j = 0:� áá¬®âà¨¬â¥¯¥àì ­¥ª®â®àë¥ ¯à¨«®¦¥­¨ï â¥®à¨¨ á®«¨â®­®¢ ª¨áá«¥¤®¢ ­¨îá¢®©áâ¢ãà ¢­¥­¨© â¨¯  (1). �â¨ ¯à¨«®¦¥­¨ï ®á­®¢ ­ë ­  ¯à¥¤áâ ¢«¥­¨¨ ¬¥âà¨ª¨ (3) ¢ ¢¨¤¥ds2 = 2z(a3 dx2+2a2 dx dy+a1 dy2)−2�(a4 dx2+2a3 dx dy+a2 dy2)+2 dx dz+2 dy d�



Ǳ��������� ��������� ��������� � ��������� ���������{����� 21¨«¨ ds2 = 2z ds21 − 2� ds22 + 2 dx dz + 2 dy d�:� ¯à¨¬¥à, ¬¥âà¨ª , á®®â¢¥âáâ¢ãîé ï ãà ¢­¥­¨îy′′ +H2(x; y)y′3 + 3y′ = 0¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ds2 = 2z(dx2 +H2 dy2)− 4� dx dy + 2 dx dz + 2 dy d�;á®¤¥à¦ é¥¬ ¤¢ã¬¥à­ãî ç áâì ds12 = dx2 +H2 dy2; (4)á¢ï§ ­­ãî á ãà ¢­¥­¨¥¬ �¤� Ky +KKx +Kxxx = 0;ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â ªà¨¢¨§­ K(x; y) ¬¥âà¨ª¨ (4).�¥âà¨ª , ®â¢¥ç îé ï ãà ¢­¥­¨îy′′ + y′3 + 3 cosH(x; y)y′2 + y′ = 0;á¢ï§ ­  á ¨­â¥£à¨àã¥¬ë¬ ãà ¢­¥­¨¥¬Hxy = sinH:3. ����� � ������� Ǳ������������¥âà¨ª , ®â¢¥ç îé ï ãà ¢­¥­¨î (1), ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­  â ª¦¥ ¤«ï ¯®áâà®Ä¥­¨ï ¯®¢¥àå­®áâ¥©. �¤¨­ ¨§ ¢®§¬®¦­ëå á¯®á®¡®¢ íâ® á¤¥« âì { ¢«®¦¨âì ¤¢ã¬¥à­ë¥ ¯®Ä¢¥àå­®áâ¨, ï¢«ïîé¨¥áï ®¡®¡é¥­¨ï¬¨ ¯®¢¥àå­®áâ¥© âà ­á«ïæ¨¨, ¢ ¤ ­­®¥ ç¥âëà¥å¬¥àÄ­®¥ ¯à®áâà ­áâ¢®. �à ¢­¥­¨ï ­  ª®®à¤¨­ âëZi(x; y) â ª¨å ¯®¢¥àå­®áâ¥© ¨¬¥îâ ¢¨¤@2Zi@x@y + �ijk @Zj@x @Zk@y = 0:�®£¤  ª®íää¨æ¨¥­âë ai(x; y) ¨ á®®â¢¥âáâ¢ãîé¨¥ ��� ¢â®à®£® ¯®àï¤ª  ¯®«ãç îâáï ¨§ãá«®¢¨ï á®¢¬¥áâ­®áâ¨ ¤«ï íâ®© á¨áâ¥¬ë.�àã£ ï ¢®§¬®¦­®áâì ¨áá«¥¤®¢ âì ¤¢ã¬¥à­ë¥ ¯®¢¥àå­®áâ¨ ¢ ¯à®áâà ­áâ¢¥ á ¬¥âà¨Äª®© (3) á®áâ®¨â ¢ ¨áá«¥¤®¢ ­¨¨ á¥ç¥­¨©x = x; y = y; z = z(x; y); � = �(x; y)¢ â ª¨å ¯à®áâà ­áâ¢ å. �§ ¢ëà ¦¥­¨©dz = zx dx+ zy dy; d� = �x dx+ �y dy



22 �. �����¬®¦­® ¯®«ãç¨âì ¬¥âà¨ªãds2 = 2(zx + za3 − �a4) dx2 + 2(�x + zy + 2za2 − 2�a3) dx dy + 2(�y + za1 − �a2) dy2:�¨¦¥ ¯®¤®¡­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¨á¯®«ì§ãîâáï ¤«ï ¨áá«¥¤®¢ ­¨ï ç áâ­ëå á«ãç ¥¢ ãà ¢Ä­¥­¨ï (1).1. �ã­ªæ¨¨ z ¨ � , ¢ë¡à ­­ë¥ ¢ ¢¨¤¥zx + za3 − �a4 = 0; �x + zy + 2za2 − 2�a3 = 0; �y + za1 − �a2 = 0;§ ¤ îâ ¯«®áª¨¥ ¯®¢¥àå­®áâ¨. � ¯®¬®éìî ¯®¤áâ ­®¢ª¨ z = �x, � = �y íâ  á¨áâ¥¬ ãà ¢­¥­¨© ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­  ª á¨áâ¥¬¥�xx = a4�y − a3�x; �xy = a3�y − a2�x; �yy = a2�y − a1�x;ª®â®à ï á®¢¬¥áâ­  á ãá«®¢¨ï¬¨ � = 0, �′ = 0 ¨ �′′ = 0.2. �ë¡¥à¥¬ â¥¯¥àì äã­ªæ¨¨ z = �x ¨ � = �y, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢Ä­¥­¨© �xx = a4�y − a3�x; �yy = a2�y − a1�x;£¤¥ ª®íää¨æ¨¥­âë ai(x; y) ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥a4 = Rxxx; a3 = −Rxyy; a2 = Rxyy; a1 = Ryyy:�ã­ªæ¨ï R(x; y) ¥áâì à¥è¥­¨¥ ãà ¢­¥­¨ï �¨ââ¥­ {�®©£à ä {�¥à«¨­¤¥{�¥à«¨­¤¥(����) RxxxRyyy −RxxyRxyy = 1:�â¨ äã­ªæ¨¨ ®â¢¥ç îâ ãà ¢­¥­¨î (1), § ¯¨á ­­®¬ã ¢ ¢¨¤¥y′′ −Ryyyy′3 + 3Rxyyy′2 − 3Rxxyy′ +Rxxx = 0:�ë¡¨à ï ª®íää¨æ¨¥­âë ai ¢ ¢¨¤¥a4 = −2!; a1 = 2!; a3 = !x! ; a2 = −
!y! ;¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©�xx + !x! �x + 2!�y = 0; �yy + 2!�x + !y! �y = 0;ãá«®¢¨¥ á®¢¬¥áâ­®áâ¨ ª®â®à®© @2 ln!@x@y = 4!2 + �!¥áâì ­¥ çâ® ¨­®¥, ª ª ãà ¢­¥­¨¥ �¨«ìç¨­áª®£®{�¨æ¥©ª¨.



Ǳ��������� ��������� ��������� � ��������� ���������{����� 23� ¬¥ç ­¨¥ 3. �¨­¥©­ ï á¨áâ¥¬  ãà ¢­¥­¨© ¤«ï ãà ¢­¥­¨ï ���� § ¤ ¥â ­¥ª®â®Äàë¥ ¯®¢¥àå­®áâ¨ ¢ âà¥å¬¥à­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥. � ­®­¨ç¥áª ï ä®à¬  íâ®©á¨áâ¥¬ë ãà ¢­¥­¨© ¨¬¥¥â ¢¨¤ [12]�xx −Rxxx�y +(Rxxxy2 −
R2xxy4 −

RxxxRxxy2 )� = 0;�yy −Ryyy�x +(Ryyyx2 −
R2xyy4 −

RyyyRxxy2 )� = 0:�®®â­®è¥­¨ï¬¥¦¤ã ¨­¢ à¨ ­â ¬¨�¨«ìç¨­áª®£® ¤«ï «¨­¥©­®© á¨áâ¥¬ë ¯®à®¦¤ îâà §«¨ç­ë¥ â¨¯ë ¯®¢¥àå­®áâ¥©. �¥ª®â®àë¥ ¨§ íâ¨å ¨­¢ à¨ ­â®¢ á¢ï§ ­ë á à¥è¥­¨ï¬¨ãà ¢­¥­¨ï ����.� ¬¥ç ­¨¥ 4. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© �i;j + �j;i = 2�kij�k ­  ¢¥ªâ®àë�¨«Ä«¨­£  ¬¥âà¨ª¨ (3). �â  á¨áâ¥¬ , § ¯¨á ­­ ï ¢ ª®¬¯®­¥­â å, ¨¬¥¥â ¢¨¤�1x = −a3�1 + a4�2 + (zA− ta4x)�3 + (zE + tF )�4;�2y = −a1�1 + a2�2 + (zC + tD)�3 + (za1y − tH)�4;�1y + �2x = 2[−a2�1 + a3�2 + (za3y − tB)�3 + (zG− ta2x)�4];�1z + �3x = 2[a3�3 + a2�4]; �1t + �4x = 2[−a4�3 − a3�4];�2z + �3y = 2[a2�3 + a1�4]; �2t + �4y = −2[a3�3 − a2�4];�3z = 0; �4t = 0:� ç áâ­®¬ á«ãç ¥, ª®£¤  �3 = �4 = 0 ¨ �i = �i(x; y), ¯®«ãç ¥âáï á¨áâ¥¬  ãà ¢­¥­¨©�1x = −a3�1 + a4�2; �2y = −a1�1 + a2�2;�1y + �2x = 2[−a2�1 + a3�2];ª®â®à ï ®ª §ë¢ ¥âáï íª¢¨¢ «¥­â­®© á¨áâ¥¬¥ ãà ¢­¥­¨© ­  z = z(x; y) ¨ � = �(x; y).� ¬¥ç ­¨¥ 5. �¯¥à â®à �¥«ìâà ¬¨{� ¯« á � = gij ( @2@xi@xj − �kij @@xk)®ª §ë¢ ¥âáï ¯®«¥§­ë¬ ¯à¨ ¨áá«¥¤®¢ ­¨¨ á¢®©áâ¢ ¬¥âà¨ª¨ (3). � ¯à¨¬¥à, ãà ¢­¥­¨¥�	 = 0 ¯à¨­¨¬ ¥â ¢¨¤(ta4 − za3)	zz + 2(ta3 − za2)	zt + (ta2 − za1)	tt +	xz +	yt = 0;¨ ¥£® à¥è¥­¨ï ®ª §ë¢ îâáï á¢ï§ ­­ë¬¨ á £¥®¬¥âà¨¥© ¬¥âà¨ª¨ (3). �®£¤ , ¥á«¨ ¯®¤Äáâ ¢¨âì ¢ëà ¦¥­¨¥ 	 = exp[zA + tB] ¢ ãà ¢­¥­¨¥ �	 = 0, ¯®«ãç¨¬ ãá«®¢¨ï A = �y,B = −�x ¨ a4�2y − 2a3�x�y + a2�2x − �y�xx +�x�xy = 0:



24 �. ������á¯®«ì§ãï à¥è¥­¨ï ãà ¢­¥­¨ï í©ª®­ « gij @F@xi @F@xj = 0¨«¨ FxFz + FyFt − (ta4 − za3)FzFz − 2(ta3 − za2)FzFt − (ta2 − za1)FtFt = 0;¬®¦­® ¨áá«¥¤®¢ âì á¢®©áâ¢  ¨§®âà®¯­ëå ¯®¢¥àå­®áâ¥© ¢ ¯à®áâà ­áâ¢¥ á ¬¥âà¨ª®© (3).�¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï, ¯à¥¤áâ ¢«¥­­®¥ ¢ ¢¨¤¥ F = A(x; y)z2 + B(x; y)t2, ®â¢¥ç ¥âá«¥¤ãîé¥¬ã ¢ë¡®àã ª®íää¨æ¨¥­â®¢ ¢ ãà ¢­¥­¨¨ (1):a1 = ABx2B2 + AxB ; a4 = −
BAy2A2 −

ByA ; a2 = −
By2B ; a3 = Ax2A:� ¬¥ç ­¨¥ 6. �¥âà¨ª  (3) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ â¥âà ¤­®¬ ¢¨¤¥ gij =!ai !bj�ab, £¤¥ �ab = ∣

∣

∣

∣

∣

∣

∣

∣

0 0 1 00 0 0 11 0 0 00 1 0 0 ∣

∣

∣

∣

∣

∣

∣

∣

:�®£¤  ¯®«ãç¨¬ ds2 = 2!1!3 + 2!2!4, £¤¥!1 = dx+ dy; !2 = dx+ dy + 1t(a2 − a4) (dz − dt);!4 = −t(a4 dx+ a2 dy); !3 = z(a3dx+ a1dy) + 1(a2 − a4) (a2 dz − a4 dt);a1 + a3 = 2a2; a2 + a4 = 2a3:� ¬¥ç ­¨¥ 7. �¥ª®â®àë¥ ãà ¢­¥­¨ï ­  â¥­§®àë ªà¨¢¨§­ë ¯à®áâà ­áâ¢ M4 á¢ï§ Ä­ë á ���. � ¯à¨¬¥à, ¨§ ãà ¢­¥­¨ïRij;k +Rjk;i +Rki;j = 0 (5)á«¥¤ãîâ ®£à ­¨ç¥­¨ï ­  ª®íää¨æ¨¥­âë ai(x; y):�′′x + 2a3�′′ − 2a4�′ = 0;�y + 2a1�′ − 2a2� = 0;�′′y + 2�′x + 4a2�′′ − 2a4�− 2a3�′ = 0;�x + 2�′y − 4a3�+ 2a2�′ + 2a1�′′ = 0:�¥è¥­¨ï¬¨ íâ®© á¨áâ¥¬ë¡ã¤ãâ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª , á¢ï§ ­Ä­ë¥ á ¯à®áâà ­áâ¢®¬M4, £¤¥ ­  â¥­§®à �¨çç¨ ­ «®¦¥­® ãá«®¢¨¥ (5). Ǳà®áâ¥©è¨¥ ¯à¨Ä¬¥àë â ª¨å ãà ¢­¥­¨© ¨¬¥îâ ¢¨¤y′′ − 3y y′2 + y3 = 0; y′′ − 3y y′2 + y4 = 0:



Ǳ��������� ��������� ��������� � ��������� ���������{����� 254. ��������� ���������{������ ������ ��� ������� Ǳ�������®®â­®è¥­¨ï, ¢®§­¨ª îé¨¥ ¬¥¦¤ã ãà ¢­¥­¨ï¬¨ ¢¨¤  (1) ¨ ãà ¢­¥­¨¥¬ b′′ =g(a; b; b′), £¤¥ äã­ªæ¨ï g(a; b; b′) ã¤®¢«¥â¢®àï¥â ���gaacc + 2cgabcc + 2ggaccc + c2gbbcc + 2cggbccc++ g2gcccc + (ga + cgb)gccc − 4gabc − 4cgbbc−
− cgcgbcc − 3ggbcc − gcgacc + 4gcgbc − 3gbgcc + 6gbb = 0;¡ë«¨ ¨áá«¥¤®¢ ­ë� àâ ­®¬ [13] á £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï. �­ ¯®ª § «, çâ® âà®©Äª¨ �©­èâ¥©­ {�¥©«ï ¯ à ¬¥âà¨§ãîâ á¥¬¥©áâ¢  ªà¨¢ëå, ®¯¨áë¢ ¥¬ëå à¥è¥­¨ï¬¨ãà ¢­¥­¨ï (5), ª®â®à®¥ ®ª §ë¢ ¥âáï ¤ã «ì­ë¬ ãà ¢­¥­¨î (1). �¥ª®â®àë¥ ç áâ­ë¥ à¥Äè¥­¨ï ãà ¢­¥­¨ï (5) ¡ë«¨ ¯®«ãç¥­ë ¢ à ¡®â¥ [2].� áá¬®âà¨¬ â¥¯¥àì ¯à¨¬¥àë ¯à®áâà ­áâ¢ �©­èâ¥©­ {�¥©«ï. Ǳà¨¢¥¤¥¬ ¢ªà âæ¥ ®áÄ­®¢­ë¥ á¢¥¤¥­¨ï ®¡ íâ¨å ¯à®áâà ­áâ¢ å (á¬. [14]).Ǳà®áâà ­áâ¢® �¥©«ï { íâ® £« ¤ª®¥ ¬­®£®®¡à §¨¥ á § ¤ ­­®© ª®­ä®à¬­®© ¬¥âà¨ª®©gij(x), á á¨¬¬¥âà¨ç¥áª®© á¢ï§­®áâìîGkij = �kij − 12(!iÆkj + !jÆki − !lgklgij)¨ á ãá«®¢¨¥¬ ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ïDigkj = !igkj, £¤¥ !i(x) { ª®¬¯®­¥­âë¢¥ªâ®à­®£® ¯®«ï.�¥­§®à ªà¨¢¨§­ë, ®â¢¥ç îé¨© á¢ï§­®áâ¨�¥©«ïGkij , ¨¬¥¥â ¢¨¤W ijkl, ¨ â¥­§®à�¨çç¨W ijil ­¥ ®¡ï§ ­ ¡ëâì á¨¬¬¥âà¨ç­ë¬ ¢ ®¡é¥¬ á«ãç ¥: W ijil 6=W ilij .Ǳà®áâà ­áâ¢® �¥©«ï, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î �©­èâ¥©­ 12(Wjl +Wlj) = �(x)gjl(x)¤«ï ­¥ª®â®à®© äã­ªæ¨¨ �(x), á®¡áâ¢¥­­® ¨ ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢®¬ �©­èâ¥©­ {�¥©«ï.� âà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥ á ¬¥âà¨ª®© ds2 = dx2+dy2+dz2 ª®¬¯®­¥­âë¢¥©«¥¢áª®©á¢ï§­®áâ¨ ¨¬¥îâ ¢¨¤2G1 = ∣

∣

∣

∣

∣

∣

−!1 −!2 −!3!2 −!1 0!3 0 −!1 ∣

∣

∣

∣

∣

∣

; 2G2 = ∣

∣

∣

∣

∣

∣

−!2 !1 0
−!1 −!2 −!30 !3 −!2 ∣

∣

∣

∣

∣

∣

; 2G3 = ∣

∣

∣

∣

∣

∣

−!3 0 !10 −!3 !2
−!1 −!2 −!3 ∣

∣

∣

∣

∣

∣

:�§ ãà ¢­¥­¨© ¯à®áâà ­áâ¢  �©­èâ¥©­ {�¥©«ïW[ij] = Wij +Wji2 = �gij¯®«ãç ¥âáï á¨áâ¥¬  ãà ¢­¥­¨©!3x + !1z + !1!3 = 0; !3y + !2z + !2!3 = 0; !2x + !1y + !1!2 = 0;2!1x + !2y + !3z − !22 + !232 = 2�; 2!2y + !1x + !3z − !21 + !232 = 2�;2!3z + !2y + !1x −
!21 + !222 = 2�:



26 �. �����Ǳ¥à¢ë¥ âà¨ ¨§ íâ¨å ãà ¢­¥­¨© ¯à¨¢®¤ïâ ª ãà ¢­¥­¨î� §¨ [15]R′′′+2RR′′−3R′2 = 0­  äã­ªæ¨î R = R(x+ y + z) = !1 + !2 + !3;£¤¥ !i = !i(x+y+z), ¨ íâ¨ äã­ªæ¨¨ § ¤ îâ ®¡®¡é¥­¨¥ ª« áá¨ç¥áª®£®ãà ¢­¥­¨ï� §¨.�¥®¬¥âà¨ï �©­èâ¥©­ {�¥©«ï ¤«ï ¬¥âà¨ª¨ gij = diag(1;−eU ;−eU ) ¨ ¢¥ªâ®à !i =(2Uz; 0; 0) ®¯à¥¤¥«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï [16]Uxx + Uyy = (eU )zz;ª®â®à®¥ ¯®á«¥ ¯®¤áâ ­®¢ª¨ U = U(x+ y = �; z) áâ ­®¢¨âáï íª¢¨¢ «¥­â­ë¬ ãà ¢­¥­¨îU� = (eU=2)z ;¤®¯ãáª îé¥¬ã ¬­®£®§­ ç­ë¥ à¥è¥­¨ï.� áá¬ âà¨¢ ï áâàãªâãàã�©­èâ¥©­ {�¥©«ï ¤«ï¬¥âà¨ª¨ ds2 = dy2−4 dx dz−4u dt2,¯®«ãç¨¬ ¡¥§¤¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥ �Ǳ [17] (Ut − UUx)x = Uyy.�« £®¤ à­®áâ¨. �¢â®à ¡« £®¤ à¨â ä¨§¨ç¥áª¨© ä ªã«ìâ¥â ã­¨¢¥àá¨â¥â  �¨¬ 1 ¨ã­¨¢¥àá¨â¥â £. �¥çç¥ §  £®áâ¥¯à¨¨¬áâ¢®. � ¡®â ç áâ¨ç­® ¯®¤¤¥à¦ ­  ä®­¤®¬MURST(�â «¨ï), �®­¤®¬ � à¨¯«® (� ãç­ë© æ¥­âà � ­¤ ã{�®«ìâ , �®¬®, �â «¨ï) ¨ INTAS(£à ­â ò 99-01782). �¯¨á®ª «¨â¥à âãàë[1] V. Dryuma. Buletinul AS RM (mathematica), Kishinev. 1999. V. 3. ò 31. P. 95{102.[2] V. Dryuma. Mathematical Researches (Kishinev). 1990. V. 112. P. 93{103.[3] V.S. Dryuma. On initial values problem in theory of the second order ODE's. In: Proc. WorkÄshop onNonlinearity, Integrability, andAll That: Twenty years after NEEDS'79. Gallipoli (LecÄce), Italy, July 1{July 10, 1999,. Eds. M. Boiti, L. Martina, F. Pempinelli, B. Prinari, G. Soliani.Singapore: World Scienti�c, 2000. P. 109{116.[4] �.�. �àî¬ . � £¥®¬¥âà¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª . � á¡.: �àã¤ë¢á¥á®î§­®© ª®­ä¥à¥­æ¨¨ \�¥«¨­¥©­ë¥ ãà ¢­¥­¨ï". �¥¤. �.�. �à®«®¢. �.: � ãª , 1991.�. 41{48.[5] �.�. �àî¬ . ���. 1994. �. 99. �. 241{249.[6] V.S. Dryuma. Geometrical properties of nonlinear dynamical systems. In: Proc. FirstWorkshop on Nonlinear Physics. Le Sirenuse, Gallipoli (Lecce), Italy, June 29{July 7, 1995.Eds. E.Al�nito,M.Boiti, L.Martina, F.Pempinelli. Singapore: World Scienti�c, 1996. P. 83{93.[7] R. Liouville. J. �Ecole Polytec. 1889. V. 59. P. 7{76.[8] A. Tresse. D�etermination des Invariants Ponctuels de l'�Equation Di�erentielle Ordinaire deSecond Ordre: y′′ = w(x; y; y′). Preisschriften der f�urstlichen Jablonowski'schen Gesellschaft.V. 32. Leipzig: S. Hirzel, 1896.[9] A. Tresse. Acta Math. 1894. V. 18. P. 1{88.[10] E. Cartan. Bull. Soc. Math. France. 1924. V. 52. P. 205{241.[11] E.M. Paterson, A.G. Walker . Quart. J. Math. Oxford. 1952. V. 3. P. 19{28.[12] E. Wilczynski . Trans. Am. Math. Soc. 1908. V. 9. P. 103{128.[13] E. Cartan. Ann. �Ecole Normale Sup. 1943. V. 14. P. 1{16.[14] H. Pedersen, K.P. Tod . Adv. Math. 1993. V. 97. P. 71{109.[15] J. Chazy . C. R. Acad. Sci. Paris. 1910. V. 150. P. 456{458.[16] R. Ward . Class. Q. Grav. 1980. V. 7. P. L45{L48.[17] M. Dunaisjski, L. Mason, P. Tod . Einstein{Weyl geometry, the dKP equation, and twistortheory. math.DG/0004031.


