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On spaces related to the Navier-Stokes equations
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Abstract. Some examples of multidimensional Riemann metrics related to the
Navier-Stokes and the Euler equations are constructed. Their properties are discussed.
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1 6D-metrics and the NS-equations

With the Navier-Stokes equations

∂

∂t
~V +

(

~V · ~∇
)

~V = µ∆~V + ~∇f, ~∇ · ~V = 0, (1)

where ~V = (U(~x, t), V (~x, t),W (~x, t)) is the fluid velocity, P (~x, t) is the pressure and
µ is the viscosity, ~x = (x, y, z) presented as the conditions of compatibility

Hy(~x, t) − Ex(~x, t) = 0, Hz(~x, t) − Bx(~x, t) = 0, Ez(~x, t) − By(~x, t) = 0, (2)

where the functions H(~x, t), E(~x, t), B(~x) have the form

H(~x, t) = fx(~x, t), E(~x, t)= fy(~x, t), B(~x, t)= fz(~x, t),

we can associate 6D-metrics

ds2 = −2B(~x, t)dt dv + 2E(~x, t)dt dw + 2H(~x, t)dv dw−

−2

(
∫

∂

∂y
H(~x, t)dz

)

dw 2 + dt dx + dv dy + dw dz (3)

having fifteen components.

Nine of them are equal to zero if the functions H(~x, t), E(~x, t), B(~x, t) satisfy
the conditions (2). The remaining six components Rvv , Rvw, Rww, Rtt, Rtv , Rtw

are expressed in terms of the functions H(~x, t), E(~x, t), B(~x, t) and their derivatives.

Properties of the 6-dimensional space with the metrics (3) can be used for the
study of properties of the N-S-equations.
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Example. The metrics (3) is Ricci-flat Rik = 0 if the velocity components of fluid
have the form

U(~x, t) = −1/2x
∂

∂z
F (z, t), V (~x, t) = −1/2

(

∂

∂z
F (z, t)

)

y, W (~x, t) = F (z, t),

and the function F (z, t) satisfies the equation (see [1])

−Fzzt(z, t) − F (z, t)Fzzz(z, t) + µ Fzzzz(z, t) = 0. (4)

In this case the functions H(~x, t), E(~x, t) and B(~x, t) have the form

B(~x, t) = Ft(z, t) + F (z, t)Fz(z, t) − µ Fzz(z, t),

H(~x, t) = −1/2xFzt(z, t) + 1/4xFz(z, t)2 − 1/2xF (z, t)Fzz(z, t) + 1/2µ xFzzz(z, t),

E(~x, t)= −1/2 yFzt(z, t)+1/4 yFz(z, t)2−1/2 yF (z, t)Fzz(z, t)+ 1/2µ yFzzz(z, t).

2 12D-metrics and the Euler equations

The Euler system of equations, which is the limit case µ = 0 of the NS-equations,
is considered as a part of conditions Rik = 0 on the Ricci tensor of the Riemann
metrics of the 12D space in local coordinates (x, y, z, t, u, v, w, p, ξ, η, χ, ρ) :

ds2 = dv dρ + c(~x, t)dρ2 + du dχ + a(~x, t)dχ2+

+
(

(V (~x, t))2 − f(~x, t)
)

dp2 + dz dξ + dy dp + dy dχ + dt dη + 2β(~x)dη dρ+

+2V (~x, t)dp dρ + 2W (~x, t)V (~x, t)dp dξ + 2U(~x, t)W (~x, t)dw dξ+

+2U(~x, t)V (~x, t)dw dp + 2U(~x, t)dw dη + 2V (~x, t)dp dχ + 2U(~x, t)dw dρ+

+2 ǫ(~x)dη dχ + 2W (~x, t)dξ dχ +
(

(U(~x, t))2 − f(~x, t)
)

dw2 + 2 b(~x, t)dχ dρ+

+2U(~x, t)dw dχ + 2V (~x, t)dp dη + 2W (~x, t)dξ dρ + 2W (~x, t)dξ dη + α(~x)dη2+

+dx dw +
(

(W (~x, t))2 − f(~x, t)
)

dξ2 + dx dρ,

where f(~x, t) is the pressure of fluid.
Such a metric has 45 components of the Ricci tensor. 21 components from 45

are equal to zero on solutions of the Euler equations.
Let us consider some examples of solutions of the Euler equations defined by the

condition T = Rik · Rik = 0 on scalar invariant of the metric.

Proposition. On the solutions of the Euler equations
1. (Shanko [2])

U(x, y, z, t) =
y − x + tx

t2
, V (x, y, z, t) =

ty + y − 2x

t2
,



ON SPACES RELATED TO THE NS-EQUATIONS 109

W (x, y, z, t) = −2
z

t
, f(x, y, z, t) = −P0 − 1/2

x2 + y2

t4
+ 3

z2

t2
;

2.

U(x, y, z, t) = − cos(x) cos(z), V (x, y, z, t) = −2 cos(x) sin(z),

W (x, y, z, t) = − sin(x) sin(z), f(x, y, z, t) = 1/4 cos(2x) − 1/4 cos(2 z) + P0 (t);

3. (Aristov, Polyanin [1])

U(x, y, z, t) =
sin(kx)

A (cos(kx) cos(ky) − 1)
, V (x, y, z, t) =

sin(ky)

A (cos(kx) cos(ky) − 1)
,

f(x, y, z, t) = −
1

A2 (cos(kx) cos(ky) − 1)
, W (x, y, z, t) = 0

the invariant T = 0.

3 14D-metrics and the NS-equations

Proposition. With the full system of the NS-equations we can associate the 14D
space in local coordinates

x
a = [x, y, z, t, u, v, w, p, ξ, η, χ, ρ, q, δ]

equipped with the Riemann metrics of the form

ds2 = −

∫

Vt(~x, t)dydξ2
−

∫

Wt(~x, t)dzdη2 + dv dq + s(~x, t)dq2+

+2κ(~x, t)dδ2 + c(~x, t)dρ2 + 2
(

(U(~x, t))2 − µ Ux(~x, t) − f(~x, t)
)

dp dρ+

+2U(~x, t)dp dχ −

∫

Ut(~x, t)dxdp2 + 2 ǫ(~x, t)dq dδ + 2h(~x, t)dρ dδ+

+2 τ(~x, t)dρ dq+ 2W (~x, t)dχ dδ + 2V (~x, t)dχ dq + 2U(~x, t)dχ dρ+

+2
(

W (~x, t)2−µ Wz(~x, t)−f(~x, t)
)

dη dδ+2 (V (~x, t)W (~x, t) − µ Vz(~x, t)) dη dq+

+2 (U(~x, t)W (~x, t) − µ Uz(~x, t)) dη dρ + 2 (V (~x, t)W (~x, t) − µ Wy(~x, t)) dξ dδ+

+2
(

V (~x, t)2 − µ Vy(~x, t) − f(~x, t)
)

dξ dq + 2 (U(~x, t)V (~x, t) − µ Uy(~x, t)) dξ dρ+

+2 (U(~x, t)W (~x, t) − µ Wx(~x, t)) dp dδ + 2 (U(~x, t)V (~x, t) − µ Vx(~x, t)) dp dq+

+2W (~x, t)dη dχ + dy dξ + 2V (~x, t)dξ dχ + dt dχ + dw dδ+

+dx dp + dz dη + du dρ. (5)

It has 56 components of the Ricci tensor. 28 from them are equal to zero on
solutions of the NS-equations.
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Proposition. Due to the condition (2) the simplest scalar invariant of the metric
(5) T = Rij · R

ij = 0, but the invariant S = Rijkl · R
ijkl of the metrics (5) is not

equal to zero and has the form

S = 5Uxt(~x, t)2−4Uxx(~x, t)Utt(~x, t)+2

∫

Vxxt(~x, t)dy

∫

Uyyt(~x, t)dx−

−4Vxx(~x, t)

∫

Utt(~x, t)dx−4

∫

Vxtt(~x, t)dyUyy(~x, t)+8Vxt(~x, t)Uyt(~x, t)+

+2

∫

Wxxt(~x, t)dz

∫

Uzzt(~x, t)dx−4Wxx(~x, t)

∫

Uztt(~x, t)dx−

−4

∫

Wxtt(~x, t)dzUzz(~x, t)+8Wx(~x, t)Uz(~x, t)+5Vyt(~x, t)2−4Vyy(~x, t)Vtt(~x, t)+

+2

∫

Wyyt(~x, t)dz

∫

Vzzt(~x, t)dy−4Wyy(~x, t)

∫

Vztt(~x, t)dy−

−4

∫

Wytt(~x, t)dzVzz(~x, t) + 8Wyt(~x, t)Vzt(~x, t) + 5Wzt(~x, t)2 − 4Wzz(~x, t)Wtt(~x, t).

On solution of the NS-equations

U(x, y, z, t) =
y − x + tx − K(z, t)t sin(t−1)

t2
,

V (x, y, z, t) =
y + ty − 2x − K(z, t)t sin(t−1) − cos(t−1)K(z, t)t

t2
,

W (x, y, z, t) = −2
z

t
, f(x, y, z, t) = −P0 − 1/2

x2 + y2

t4
+ 3

z2

t2
,

where the function K(z, t) satisfies the equation

∂

∂t
K(z, t) = 2

z ∂
∂z

K(z, t)

t
+ µ

∂2

∂z2
K(z, t) + J(t)

with arbitrary J(t), the invariant S takes the form S = 96
5t2 − 4

t6
and the space

with the metrics (5) is not Ricci-flat, but its scalar curvature R = 0 and invariant
T = 0.
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